We consider the measure of the set of all unit vectors tangent to rays emanating from a point p A ray y:[0,oo) -► M is defined to be a geodesic any subarc of which is a minimizing segment joining its endpoints. We denote the tangent space of M at p by M . Let S c M be the set of all unit vectors at p and let A c S be the set of all unit vectors tangent to rays emanating from p . We denote by "meas" the Lebesgue measure on the unit circle S with the total measure 2n. Since the limit of a sequence of rays in M is a ray, A is a closed and measurable subset of S and the function p i~» meas(^ ) is uppersemicontinous. Thus this function is locally integrable in the sense of Lebesgue.
Introduction
Let M be a complete, noncompact, connected, oriented and finitely connected Riemannian 2-manifold without boundary. The total curvature c(M) of M is defined by the improper integral over M of Gaussian curvature G :
where dM is the area element of M. It is a well-known theorem due to CohnVossen [1] that if M admits total curvature, then c(M) < 2nx(M), where X(M) is the Euler characteristic of M. We study asymptotic behavior of the mass of rays in terms of the total curvature of a complete open surface.
A ray y:[0,oo) -► M is defined to be a geodesic any subarc of which is a minimizing segment joining its endpoints. We denote the tangent space of M at p by M . Let S c M be the set of all unit vectors at p and let A c S be the set of all unit vectors tangent to rays emanating from p . We denote by "meas" the Lebesgue measure on the unit circle S with the total measure 2n. Since the limit of a sequence of rays in M is a ray, A is a closed and measurable subset of S and the function p i~» meas(^ ) is uppersemicontinous. Thus this function is locally integrable in the sense of Lebesgue.
The first result on the relation between the total curvature and the measure of A was obtained by Maeda. Theorem (Maeda [6] ). If M is homeomorphic to R and if it has nonnegative Gaussian curvature everywhere, then inf meas(v4 ) = 2n -c(Af).
In [10] , Shiga extended this result to the case when the sign of Gaussian curvature changes. Moreover, Oguchi [8] extended their results to the case when M has only one end. Shiohama proved the following integral formula for the mass of rays.
Theorem (Shiohama [13] ). Assume that M with one end admits total curvature with 2nx(M) -c(M) < 2n. If {KA is a monotone increasing sequence of compact sets with IJ K. = M, then fr meas(AAdM
The following Theorem A which will be proved in §2 plays an essential role throughout this paper.
Theorem A. Assume that M with one end admits total curvature. Let {pA be an arbitrary divergent sequence of points of M. Then, lim meas(A ) = min{2nx(M) -c(Af), 2n}.
In the case when 2nx(M)-c(M) < 2n , Theorem A was proved by Shiohama in the proof of the integral formula (*). A crucial point of the proof of (*) in the case when 2nx(M) -c(M) < 2n is nonexistence of straight lines. We emphasize that in our case M admits straight lines and this situation makes the proof difficult. To overcome this difficulty we need delicate arguments as developed in Lemmas 2.1, 2.2, 2.3, and 2.4. In §2, we will prove Theorem A in the case when 2nx(M) -c(M) > 2n . We can extend Theorem A to the case when M has more than one end as stated in Theorem B.
In §3, we will discuss the case when M has finitely many ends. To state Theorem B some definitions and notations are needed. Assume that M is finitely connected with k ends and that M admits total curvature. Let K be a compact domain on M suchthat M-lnt(K) is a union of disjoint closed half cylinders Ux, ... ,Uk (we call them tubes) and dK consists of k simple closed piecewise smooth curves. 
Preliminaries
In this section, we state the notations and lemmas used for the proof of our results. Let M be a finitely connected complete open 2-manifold admitting total curvature. Let D c M be a domain as stated in §0. Then k(D) has the following properties. c(Di) = n-K(D¡) and c{D\) = n -k{D\) .
Since er and t¡ intersect K for all i, there are subsequences {ak} and {Tj,} such that limer^ = er and limt^ = t for some straight lines er and t. Then either er = t or erriT = 0. Since AT contains finitely many handles, there are two cases for the configuration of four points er(/0(er)), o(tx(o)), t(í0(t)) , t(í,(t)) on dK. Case 1. The four points a(t0(a)), t(í0(t)) , t(í,(t)), ^(^(cr)) lie on dK in this order. Choose disjoint two open half planes Ha and Hx in M-K such that Ha (resp. Hz) is bounded by cr|(-oo,r0(cr)], o\[t x(a) ,oo) and a subarc from a(t0(a)) of dK (resp. t((-oo,í0(t)])
, t([/,(t),oo)) and a subarc from t(/0(t)) to t(í,(t)) of dK). Since the inner angle of Dk at pk tends to 27r as k -» oo by Lemma 1.2, we have Thus \p. < 4e for all sufficiently large j. Thus the argument above applies to pi and implies that the inner angle between pi and t( at pi also tends to zero. From Lemma 1.2 the angle between at and t. at pi tends to zero as ¡'-»oo. This completes the proof of Theorem A.
The case when M has more than one end
The aim of this section is to prove Theorem B. We assume that M has k ends and admits total curvature. This completes the proof of Theorem B.
